Abstract-This paper examines the synthetic aperture radar (SAR) imagery morphology of signatures induced by surface targets that are accelerating from a lower to higher speed during the collection interval. Recent studies have revealed that such moving target smears are not constrained to have the simple shapes of mere parabolas but instead can display a rich variety of two-dimensional (2D) shapes, including self-crossing signatures. The present analysis provides new insights into the nature of such complicated SAR target smears via comparison with the asymptotic parabolic signatures resulting from the initial and final segments of approximately constant-velocity target motion.
I. INTRODUCTION
SAR data collections can yield high-fidelity imagery corresponding to a scene of interest on the earth's surface. However, moving targets in the region are often smeared in the radar cross-range direction within the resultant imagery. A number of researchers [1] - [15] have investigated the detection and focusing of such moving target smears.
A number of researchers have analyzed the curved signature smears that result from moving targets in SAR imagery. In particular, Ref. [16] examines the signatures of constant velocity targets in stripmap SAR, which is related to range migration effects [17] , [18] . A recent analysis [19] investigates spotlight SAR image signatures for surface targets moving with arbitrary motion for broadside collection geometries. This study reveals that complicated mover smears are possible for non-constant velocity targets, so that the signatures are not constrained to have the shapes of mere parabolas.
Refs. [20] , [21] relax the constraint that the radar mainbeam must be pointed broadside by introducing a squint angle parameter. In addition, Ref. [22] applies related techniques in order to analyze the SAR signatures of piece-wise constant velocity targets for bistatic collection geometries. Recently, Ref. [23] enables the computation of SAR moving target signatures for cases in which the radar platform has a nonzero ascent angle as well as a non-zero squint angle.
The current investigation examines the details of SAR signatures for cases in which the target accelerates from a lower to higher speed. This present work varies a number of different parameters which characterize the true motion of a constant-heading surface target in order to examine the corresponding effects upon the resulting SAR signature smears. In addition, the current analysis compares the full aperture signature prediction contours with those obtained from using a constant-velocity approximation at the initial and final portions of the synthetic aperture collection interval. In this manner, the current investigation provides the reader with insight into the complicated signature smears which can result from a target that is executing acceleration maneuvers.
II. SAR TARGET SIGNATURES
Construct a set of three-dimensional (3D) Cartesian coordinates wherein the origin {x, y, z} = {0, 0, 0} lies at the ground reference point (GRP). The coordinate z increases with the height above the terrain, with z = 0 equal to the ground-plane. The coordinate x increases with ground down-range from the radar at the midpoint of the SAR collection. The ground cross-range coordinate y completes a right-handed coordinate system. Target motion on the ground-plane is expressed via two arbitrary functions of slow-time t in the x and y directions:
The following definitions are used for the constant-velocity radar trajectory as a 3D parameterization of position within the {x, y, z} coordinates as a function of slow-time t, i.e., [23] :
Here, V 0 is the constant radar speed. Also, X 0 and Z 0 are the radar ground down-range and altitude, respectively, relative to the GRP at t = 0. The upper sign in (3) corresponds to a radar that pointed to the right, and the lower sign corresponds to a radar pointing to the left.
Ref. [23] presents a methodology for predicting the location, size, and shape of the central contour of the SAR signature induced by a ground-plane moving target for arbitrary values of the ground-plane squint angle ϕ g and radar trajectory ascent angle λ. Specifically, the result yields parametric equations for the ground down-range x and ground cross-range y components of the central contour of the induced signature:
The equations are expressed in terms of two constants:
In addition, the slow-time parameterization τ s is varied over the span of possible slow-time values from the start to finish of the SAR collection interval in order to generate the signature prediction contours. Furthermore, the {x, y} components of the instantaneous target position {μ 0 (τ s ), ν 0 (τ s )} and velocity {μ 1 (τ s ), ν 1 (τ s )} are used in (5) and (6) . A related method for generating SAR smear prediction contours is presented by Jao [16] .
III. FULL SIGNATURE PREDICTIONS
The case of a surface target with increasing speed during the SAR collection interval can be modeled via constant heading according to a hyperbolic tangent speed profile, i.e., tanh(t) [19] , [21] :
These equations use the definition of the function ψ(t) ≡ {t − t 0 }/γ 0 and the parameters {α
Equations (8) and (9) model a target that undergoes an increase in speed, wherein t 0 signifies the central time value of this particular speed transition. The parameter w 0 is equal to one-half of the total speed change, with a positive value corresponding to an increase in speed and a negative value giving a decrease. The parameter γ 0 gives the approximate time interval over which this speed change in speed occurs.
The current analysis examines the effects of varying the change in speed and the time at which the speed increase occurs within the total collection time. This analysis also further investigates the effects of the rate at which the target increases speed. It is possible to express the speed profile corresponding to (8) and (9) in the following form:
These equations model a target that is moving at a lower speed and then increases its speed, before finally settling at a higher value.
The general target motion analysis is applied to yield the predicted SAR signature of a target executing an increasing speed maneuver. Specifically, use (8) and (9) in (5) and (6) to give the following [19] , [21] :
IV. ASYMPTOTIC SIGNATURE PREDICTIONS Consider the specific motion characteristics of a target which executes an acceleration maneuver during the SAR collection time. Specifically, the target moves with approximately constant velocity for both the initial and final portions of the full aperture. Of course, these two speeds are different for these two ends of the coherent collection time. For convenience, denote the slow-time value t = t end to correspond to either the initial or final end terminal point of the full synthetic aperture. For example, a 15-second SAR collection time gives the initial end time t end = −7.5 sec and the final time t end = 7.5 sec, so that the mid-time lies at zero. In addition, at either of these two end times t = t end , the target lies at the position {x, y} = {x end , y end } and has the approximately constant velocity {v x , v y } = {v x,end , v y,end }.
Next, consider an alternative scenario in which the target moves with constant velocity during the entire SAR collection interval such that it has the position {x, y} = {x end , y end } and the velocity {v x , v y } = {v x,end , v y,end } at one of the aperture end time values t = t end . This fictitious case is applicable to both the initial and final portions of the SAR collection interval. Then, it is possible to consider the location, extent, and shape of the resulting signature under these alternative constant-velocity scenarios. In order to compute the specific signature prediction contour at one of the two end terminal points of the synthetic aperture, it is necessary to apply the equations (5) and (6) of the central signature contour for a general constant velocity target.
The general signature equations (5) and (6) are applied for an idealized point scattering center that moves with constant velocity during the full SAR collection interval:
with α 0 , α 1 , β 0 , and β 1 all constants. Use of {μ 0 (τ s ), μ 1 (τ s ), ν 0 (τ s ), ν 1 (τ s )} within (5) and (6) yields the following form for the signature [21] :
Next, it is necessary to determine the values of the relevant parameters in order to generate the asymptotic constantvelocity signatures corresponding to the initial and final portions of the SAR collection interval. For convenience, define the mid-time of the full SAR collection to be t mid = 0. The target velocity {v x , v y } = {α 1 , β 1 } at t mid = 0 is identical to that at the end time t = t end , so that:
In addition, the target location {x, y} = {α 0 , β 0 } at this midtime t mid = 0 is determined based upon the location {x, y} = {x end , y end } at the end time t = t end :
These equations yield the final form of the asymptotic signature equations for the central contour near the two terminal end points of the full synthetic aperture:
Thus, these pairs of approximately parabolic contour traces are obtained by using the true end-point values of the target position {x end , y end }, target velocity {v x,end , v y,end }, and time t end corresponding to the initial and final portions of the full aperture SAR collection. Note that the end-time value t end is a fixed parameter for a given prediction curve, whereas the slow-time parameter τ s is varied continuously over the temporal span of the SAR collection in order to generate the corresponding asymptotic parabolic contours. In the following numeric examples, (21) and (22) are used to generate additional parabolic overlays in the signature analysis of targets which are executing acceleration maneuvers.
V. NUMERIC RESULTS
All examples herein examine the effects of different acceleration profiles for a target with the heading of {φ 0 = 80
• }. Of the parameters given in (8)- (9) , the values of α 0 and β 0 give trivial displacements of the resultant smear within the imagery and thus are not examined. In addition, the following radar parameters are applied in (2) -(4): speed V 0 = 200 m/s, ground down-range X 0 = 30 km, and altitude Z 0 = 1 km. In addition, the radar points its main beam to the starboard side with a ground-plane squint angle of ϕ g = 25
• and a radar platform ascent angle of λ = 15
• .
The radar transmits linear frequency modulated (LFM) chirp waveforms, e.g., [2] , with center frequency f c = 1.5 GHz, bandwidth Δ f = 150 MHz, and waveform duration T f = 150 μs. Complex-valued I and Q data are measured over 1000 uniformly-spaced frequency samples. The radar transmits 5000 waveforms over the collection time of T 0 = 15 s. In addition, this model adds a statistically-independent, complexvalued Gaussian noise sample to each range bin [24] . For these examples, the signal-to-noise ratio (SNR) of the range profile measurements is approximately 40 dB.
A. First Target Motion Example
For the first example, the parameter values are selected to be {α 0 = 0.0 m}, {β 0 = 0.0 m}, {v 0 = 10m/s}, {w 0 = 4 m/s}, {γ 0 = 0.5 s}, and {t 0 = 0.0 s}. The truth target motion is shown via the target trajectory of Figure 1(a) and the target speed of Figure 1(b) .
The induced SAR simulation signature smear and the full aperture signature prediction overlay obtained from (11)- (12) are shown in Figure 2(a) . Figure 2 (b) presents this same signature smear and full aperture prediction overlay but also includes both asymptotic parabolic prediction overlays. Clearly, these two contours yield excellent agreement with the relevant portions of the signature smear. In addition, the seemingly strange behavior of the full aperture prediction contour becomes more obvious when considered in the context of the parabolic signature traces.
B. Effects of Mean Speed
For the second example, the effects of size of the mean speed are considered. For this case, the target motion is described by the parameters: {α 0 = 0.0 m}, {β 0 = 0.0 m}, {v 0 = 10 m/s}, {w 0 = 4 m/s}, {γ 0 = 0.5 s}, and {t 0 = 0.0 s}. Thus, the mean speed is decreased relative to that of the first example via the selection of the parameter v 0 . The true target trajectory and speed are shown in Figures 3(a) and  3(b) , respectively.
The induced signature smear and the corresponding full aperture prediction overlay of (11)- (12) are shown in Figure 4(a) . Again, there is good agreement between the theoretical predictions and the results of the SAR simulation. Figure 4 (b) presents this same signature smear and fullaperture prediction, as well as the two asymptotic parabolic prediction contours. Again, the two prediction contours of the initial and final portions of the target motion provide insight into the more complicated full aperture curve. The lower value of the mean speed is the cause of the reduced extents of the asymptotic parabolic signatures and the corresponding portions of the full aperture contours in these plots.
C. Effects of Speed Transition Mid-Point
For the final example, the effects of temporal interval over which the speed transition occurs are examined. For the current example, the target motion is described by the parameters: The induced signature smear and the corresponding prediction overlay of (11)- (12) are shown in Figure 6 (a). Again, there is good agreement between the theoretical predictions and the results of the SAR simulation. The signature smear has one of the most interesting shapes, with three prominent curved segments -all at different angle relative to one another. Again, the inclusion of the asymptotic parabolic overlays in Figure 6 (b) gives insight into the nature of the complicated shape of the full aperture contour and moving target imagery smear.
VI. CONCLUSION
In previous analyses, the presentation of the complicated shapes of the signature smears is mathematically evident and yet is an enigma in terms of intuitive understanding. The current investigation removes these obscurities and provides deeper insight into the nature of the complicated smear shapes that are induced by targets which undergo acceleration maneuvers during the SAR collection interval. In particular, the resulting SAR signature is an amalgam of the simple parabolic signatures arising from the initial and final target speeds.
In each of the examples considered within the present analysis, the full aperture signature is approximately equal to an amalgam of three curved segments. One of these segments is a portion of a parabola resulting from the approximately constant-velocity motion at the beginning of the SAR collection interval. In addition, a second curved segment corresponds to a portion of a second parabola which results from a different approximate constant velocity for the final portion of the SAR measurements. Finally, there is a third curved segment which connects the portions of the two parabolas, which arises from the transition region between the two target speeds.
For targets which transition speeds at the middle of the SAR collection interval, the two constant-velocity motion portions give two different half-parabolas. For this class of accelerating maneuver targets, the third curved segment connects the apexes of the two half-parabolas. For cases in which the acceleration transition region is not in the middle of the synthetic aperture, the two curved portions arising from the beginning and finish of the SAR collection are not halfparabolas but instead are characterized by one curve which is more than a half-parabola and the other which is less. In addition, this case of an off-center transition interval also yields a third curved segment which connects the two parabolic portions at the locations where they terminate in the generation of the full signature smear. 
